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PO 3AAAYY (I0KA/IBHOI ONTHMI3ALII N'PAPIB TA il

3ACTOCYBAHHHA

Jocnidncyemocs 3a0aua no6y0osu 10KaAbHO-ONMUMANLHORO OPIEHMOBHO20 2pagha 3 HABAHMANCEHHS peOPaMU, KOAU KONCHOMY
pebpy npunucara gikcosana uucaosa aea. JlokaibHa onmumanvricms ab60 cmaodinbHUll He3MIHHUL CMAH NOMOYHOT PO3MIMKU
epaga dae 3ae2anrvHuil Memoo po3e’siI3auHsa 6aeamvox 3a0a4, N0 I3aHUX 3 ONMUMI3AUIlIHUM noutykom y epagpax. Tlokazano sax
i3 po36’s13anHs 3a2anvHOi 3a0aui noOY008U N0KANLHO-ONMUMANLHOR0 2PAha BUNAUBAE 3A0aHA 3HAXOOJNCEHHS ULISAXI8 HAUMEHULOT
6aeu (eapmocmi). Ceped HOBUX 3ACMOCYBAHL 8KA3VEMbCA GUDIUEHHS NPOOAEMU ACOUIAMUBHO20 NOULYKY 8 KOMN IOmepHiil
niHeicmuyi (00pasHe MUcAeHHs) ma wWeuoKoi 63aeMHOI asmeHmuiKauii 6 KoaniyiliHux yepyny8aHHsXx.

Karouosi caosa: opienmosnuil epagh, wiasx HailimeHwloi eapmocmi, acoyiamMuGHULl NOWYK, 6UnadKosicms, weuoKa

asmenmugikayis.

Bcryn

OpientoBuuii rtpadp G=(V,E) cKiIagaeTbcs
3i CKiHUeHHOI MHOXHWHM BepmMH V Ta
yIOOpsSAKOBaHMX  map  BepuiMH  E, 110

Ha3uBalwThcs pedopamu, £V xV. Ilapa (w, v)
IHTEepIIPETYEThCS, SIK pedpo (myra), 1o Bede i3
w 1o v. KoxxHomy pedpy (w, v) mpunucaHo moc-
TiAHY Bary f,, — [iliCHe HEBiI’€MHE YUCJIO.
3agaya MOIIYKYy NUISIXY HaWMEHIIOi BapTOCTi,
o BelAe i3 3agaHuX (pikcoBaHOI BepLIUHU
v, Ta BEPUIMHM V TIOJNATAE Yy 3HAXOMKEHHI
MOCJIJOBHOCTI TaKUX BEPUIMH Vi,V,,...,V,_;, 11O

UUIAX 0=V, V.0V, v =V, (.0, )€ E e Mi-

HiMaJlbHE MOXIIMBE 3HAYEHHS BaroBOi CyMH
Dt s i=0. k-1
YV 3B’I3Ky i3 IIMPOKOW iHTepHpeTalicro

YUCJIOBUX Bar pedep 3amaya MOIIYKY UUISIXiB
HallMeHIIIo1 BapTOCTi Mae 0e3/livy 3acTocyBaHb
i HaJIeXXUTh 0 HAWMOIIMPEHIIIMUX i HaWOiIbLI
BUBYCHMX 33124 TIPUKJIaIHOI TEOPii aITOpUTMiB. Y
Pi3HOMaHITHUX MoauQiKallisiX BOHA 3yCTPiYa€Th-

cd B aIroputMax IoOyJOBU ONTUMAJIbHUX
MapLIpyTiB [JId JUTAlOYMX Ta iHIIMX PYXOMUX
00’exTiB, y po3Mi3HaBaHHiI 00pa3iB, ONTUMi3allii
KOMYHIKalliiHUX MepeX Ta iHTerpajbHUX CXeM,
TOLIO. Yce 1ie 3yMOBIJIIOE HeTNocaaOHUil iHTepec
Io 1i€i 3amavi. HaliHTeHCUBHIIII JOCTIIKEHHS B
LIbOMY HampsiMi MPUIaJaloTh Ha IPYTY MOJOBUHY
MMHYJIOIO CTOJITTSI. 3arajloM OIMCAaHO IeKiJIbKa
COTEHb PiI3HOMAHITHUX aJTOPUTMIB PO3B’SI3aHHS
miei mpobnemMu. HaiiBimoMmillMMKM € aJropuTMu
E. Heiixctpu [1], O ’Ecomo-Ileiima-Mypa Ta
JIeKiJIbKa TapajeibHUX aJlfOpUTMIB [2—6].

Mu posrisimaeMo 110 3amady B IIMPLIOMY
KOHTEKCTi $IK 3arajbHy 3ajadyy JIOKaJbHOL
ontumizauii rpacda. BuBuaeTrbcsi Taka Momesb
obuuciieHb Ha Tpadi. Y KOXHill JIOKaJIbHIlA
BEpLIMHI HE3aJeXXHO Bimg iHIIMX BepIIUH
BUKOHYEThCSI OJIHAKOBA IT€paTMBHA Ipolielypa
MiHiMi3allil JesKOro HeBil’€MHOTO 4YHCIOBOTO
3HAUEHHS, 110 MPUIMCYEThCS il BEpIIMHI.
Omnepaniss Takoi MiHIMi3amii 3aJleXXUTh Bifd
MOTOYHOTO 3HAYEHHS, OTPUMAHOTO B 11ili BepIIU-
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Hi MpU 3acTOCYBaHHiI MONEpeaHbOi MiHiMizalii
Ta MOTOYHUX YHUCIOBMX JAHUX, IO PO3MillleHi
y BeplIMHaX, 3 SIKMX BeAyTh pedpa 10 0oO0paHOi
JIOKaJIbHOI BEPILIMHM, a TaKOX MiHiMi3allii Bar
ux pedep. Yepe3 nmexisbka eTaniB BUKOHAHHS
Takoi ormepauii rpad 3aBXau MOEepexoauTb y
CTaOUIbHMIA CTaH: TTOAAJIbIlIa MiHiMi3allis BEpIIH
He 3MiHIOE MpPUIMCAHUX BEpIIMHAM 3HaYeHb.
YV TakoMy cTaHi MU Ha3MBaEMO Tpad 10KaAAbHO-
onmumanvHum. J10CITiIKEHO YMOBH, 3a SIKUX rpad
JlocsITa€  CTaHy JIOKaJbHOI onTumizalii. I[lpu
pi3HMX BUOOpaxX iHTeprnpeTalii (PyHKIIil, 1110 3a1a€
BILUIMB CYCiTHIX BEpILIMH Ha 3HAYEHHS MiHiMi3allii,
OTPUMYEMO Pi3HOMAHITHI Bapiallii 3aCTOCYyBaHb.
Hanpuxkian, mMeTomoM TIpadi€HTHOIO CHYCKY 3i
CTaHy JIOKaJIbHOI OMNTUMI3allii JIeTKO OTpUMaTu
LIJISIXY MiHIMaJbHOI Baru (BapTOCTi) i3 3amaHoi
CTapTOBOI BEpILIMHM [0 BCiX BepluH. AKIo
rpacd iHTepOpeTyBaTU SIK CEMaHTUUYHY MEpexy
B IIPOCTOPI CJIiB MPUPOAHOI MOBH, TO MOKA3aHO,
y SKMI Ccrocid 3amaya MoIIyKy MiHiMaJdbHUX
LIUISIXiB MiXX cjioBaMHM a00 CJIOBOCITOJYYEHHSIMU
IHTEPIIPETYETHCS SIK PO3B’sI3aHHS BiTOMOI 3ajayi
3 KOMIT'IOTE€PHOI JIIHI'BICTMKU: 3HAWTU CJIOBO,
K€ € HahOuIbll acouiiloBaHUM i3 3allaHUM
BXiIHMM HabopoM cjiB abo pedeHb (0OpasiB).
Hapemri, 4yepe3 oOumcieHHSI Bar NIUISIXiB Y
paHIOMi30BaHOMY (BUMaAKOBOMY 3 PiBHOMipHUM
posnoaijioM) rpadi MOPOMOHYETLCS MPOTOKONI
IIBUAKOI aBTEHTUMIKALIl TUITY «CGill-uycuii»
JIBOX Cy0’€KTiB KOaJilLliAHOIO cepeaoBMIlA, IO
rnepedyBaloTh y KOMYHiKallii.

(lokaabHa onTHMi3anisa. Moaeab
o0YHCaeHD

Hexait G=(V,E) — CKiHYeHUI OpiEHTOBHUIA
rpad, V' — MHOXuHa BepiuuH, £ — MHOXWHA
pebep, E cV xV. dxuo (u, v) € E, To 11e iHTEpIIpe-
TYEThCS SIK OPIEHTOBHE peOpo, 1110 BEAE Bif U JI0 V.
Mnax w B  BepwIMHU U JO Vi
T=u=Vy,V,... v, =V, (v,,v,, )€ E. Bara © muisxy

W(n): ztv,m , TOPiBHIOE CyMi Bar BCiX BiaIio-

BimHMX pedep B3IOBX LBOIO IIJISIXY.
OKin BepUIMHU Vv — 1Ie BEPLIMHU, CYMiIXHi 3
v pa3oM i3 BiamoBigHUMU pebOpamu. st okoiry

BEPIIMHM v BUKOPUCTOBYEMO To3HaueHHs R (V).
Ho R (v) BXOIATh BEPIIMHU, IO 3’ €THYIOTHCS
3 V BXiIHUMU Ta BUXiAHUMU peOpamu. Tomy,
BignosigHo, R*(v)= {(w, (w,v))| (w,v)e E} _
MHOXWHAa BEPILIWH W, 1110 3’ €IHYEThCS 3 V BXITHUMU
pebpamu, R (v)= {(w, (v, w))| (v,w)eE }

13 KOXXHO10 BEPIIMHOIO V aCOLIII0EMO aITOPUTM
A, sIKmii BUpOOGIsi€ 4mMcIoBi 3HaveHHs D[v].
Jlnst 3pyaHocTi BUKiIany BBaxaemo, mo D[v] e
HEBIiI’eMHMM TiICHUM YHMCIIOM. AJle B IESKHUX
3actocyBaHHsaX D[v] Moxe Oyt eremeHTOM
iHILIO1 anredpaiuHol CTpYKTYpU. BepuinHu v pazom
3 BiMoBiIHMMY 3HaYeHHsIMU D [v] posriszaemo
K PO3MITKY | BepiinH rpada G,u: V—>D, ne O
IM03HAYa€ MHOXMHY AiiCHUX 4ncesa. Po3MiueHuit
rpa¢ mo3Hagaemo (G, ).

ITo3HauMo depe3 +oo creliaJbHe BEJIUKE YKC-
JIO, IO € OLILIIMM Bif OyIb-SIKOTO MOXJIMBOTO 3Ha-
yeHHs D [v] BBaxaiimo, 1110 11e YMCJI0 € BiTOMUM
3azganeriab (apriori).

MouatkoBa posmitka € Takoi: D[v, ]« 0;
D[v]« +oo 15 Beix v € V —v,. Bepuina v, € 0co6-
JIMBO BUIiJIEHOIO BeplInHOIO Tpada G. I3 1iei Bep-
IIMHY TTOYNHAIOTHCS BCi IIUTSIXU B G.

Yucaosum okoaom BEPIIMHU Vv Ha3UBAEMO
MHOXHHY 11ap D* (v)= {(D [w], )|w eRr’ (w)}
[l1 MHOXWHa IHTEPIIPETYETbCS SK MHOXHMHA
3Ha4Y€Hb, 110 JIOKAJIBHO «0aYnTh» aJITOPUTM A,.

Hexait fv € PyHKIIi€0, 1110 BU3HAYeHa HA MHO-
XuHi D* (v) Ta TpUiiMae HeBix eMHi milicHi 3Ha-
yeHHS. OYHKIIisA fv € acoIliil0OBaHOIO 3 BEPIINHOIO
V Ta 3aJIEKUTh Bifl JIOKAJbHOT YMCI0BOI iH(opMa-
uii okomy D* (v) BepIumHu v.

Y KOXHI BeplIMHI v BUKOHYETHCS IPOCTUIA
aJITOpUTM A, SIKWiA iTepaTHUBHO BUKOHYE TaKy OIle-

patito MiHimisawii: D [v]« min (D ] £ (D+ (v))).

Aaroput™ A

Anroput™m A mpaluro€ HeCKiHYeHHO IOBrO: HEMae
00MEXXyBaJIBHOTO TTapaMeTpa YMOBU BUKO-HaHHS
mukiny DO. BukoHaHHSI  MOTOYHOI oOIlepailii
MiHiMi3allil B TiJli UKy Ha3UBAEMO PAYHOOM.
DO
D[v]« min (D ] £ (D+(V)))
END DO
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s 3amobGiraHHsi  CUTyalliii  B3a€EMHOTO
onokyBaHHsl (deadlock) BBaxaiimo, 1110 (YyHK-
uis Mpu 3BepHeHi 10 BepuuHu w e R* (v) oTpu-
Mye 3HadeHHst D[w], sike w orpumana micms
BUKOHAHHS CBOTO OCTAaHHBOTO payHIy MiHiMi3allii.
Lle o3nHauae, 110 SIKIIO W BUKOHYE CBOIO i-Ty
JIOKAJIbHY MiHiMi3allilo B MOMEHT OOYMCJICHHS
dbynxuii £, To f Bpaxosye sHauenHs D [w] micis
BUKOHAHHS 11i€i /-1 JIoKaJgbHOI MiHiMi3aLii w.
Y nporpamHiii peaiizallii Taki cuTyalii o0po0-
JITIOThCSl CTAaHIAPTHUMM METONaMM TOAOJaHHS
CUTYyallili B3AaEMHOI0 OJIOKYBaHHS.

BBaxaiiMo, 110  BMKOHaHHS  omepauii
MiHiMi3alii BUKOHYETbCS B TMCKPETHOMY 4Yaci i
MOXe 3aiiMaTH JeKiabKa OTWHUIIb TaKOTO Yacy.
AJie TIOCTYJIIOMMO TaKi OOMeXeHHSI Ha (hyHKIIiIO0
/. Ta BUKOHAHHSI a]lTOPUTMY A:

1) saxwo 6 oxoai R*(v) suaiidemvca eepuiuna

w  maka, wo D[w]#+o (D [w]< +oo), mo
o[ DF )| <+oo, inaxue f,,( DF ()| =+o0.

2) 6 aneopummi A 0151 KOJCHOI GepuluHU 3a824c0U
uepe3 CKIHYEHHUU NPOMIJNCOK Hacy BUKOHYEMbCA
36epHeHHSI 00 HACMYNHO020 PAYHOY MIHIMI3aAUil.

Ao Bei pyHKII /. € OIHAKOBMMM, TO JJisi
/. BUKOpUCTOBYeMO mNosHauyeHHs f. Hamani mun
PO3IISIAATUMEMO TIJIbKU TaKUIl BUMAIOK.

(loKaabHAa ONTHMAAbHICTD

Anroput™mi A 3MiHI0OE pO3MITKy Tpada G. Po3s-
miveHuidr rpad (G,U) HaA3UBAEMO JA0KAAbHO-
ONMUMANLHUM 8I0HOCHO QYHKUiI f, SIKIIIO HE iCHYE
BEPILIMHU v, v € V', 1715 K01 oIepaliisi MiHiMizalii
3MEHILye MOTOYHe 3HaueHHst D[v].

JloxambHa ONTUMANBHICTh — Il BJIACTHUBICTH
po3MiTKu rpada. AHAJIOIOM JIOKAJIbHOI ONTUMAaIb-
HOCTI € BizoMe MaTeMaTU4YHEe MOHSTTSI HEPYXOMOil
TOYKM.

Jlema 1. Sxio y rpadi G He icHye LIIAXY Bif
BEPIIWHU V, 10 V, TO aJITOPUTM A B BEPIIHHI V Y
Oyb-sIKHIi payHI BUa€ 3HadeHHsT D[v]=+00.

JoBenenns. Bukopucraemo iHAyKIiio 3a
KiTbKicTIO BepinH n = |V | rpada G. Sxmo n=2,
TO TBEPIKCHHS € oueBUIHMM. [IpuryctiMo, mo
TBEPIKEHHS JIEMU BUKOHYETBCST UTSI TpadiB i3 n

BepilMHaMH i rpad G Mae n + 1 BepuInHy.

Hexalt v — BeplliHa, sika € HeIOCSIXKHO B G i3
v,. IIpurycTiMo 3BOPOTHE: aroput™ A B AKUIACH
payHa MiHiMi3allil BepIIMHN vV OTPUMaB 3HAYEHHSI
D[v]#+0o0. Toxmi srizso 3 mnpaBwioM Mogerni
oburcneHHss 1) B okomi R* (v) Ma€ iCHyBaTu
BEpILIMHA W i3 TOTOYHUM 3HaYEHHSIM D (w) # +00,
Posrianbmo rpad Gy, skuit 6ynyerbes 3a G Bin-
KUJIaHHSIM BEpIIVMHU v pa3oM 3 ycima ii pedpaMu.
Ipad G,, mae n BepunH, v, € Gy, i we G,,. Y rpadi
G,, HeMae LUISAXY i3 v, 10 w, 00 K110 O BiH OyB, TO
nei X y rpadi G MoxHa 0ys10 OM TPOJLOBXKUTH
no v. ToMy 3a mpumylieHHsSIM iHAyKIii y rpadi
G,, D[w]=+00. Ase Tozi i1 y rpadi G 3HaueHHs
D[w]=+00 ToMy 1O v He BXOTUTb y + OKil w.
OTpuUMyEMO MTPOTUPIYYSL.

Teopema 1. Y rpadi G icHye muisax Bix v, 10 v
TOJI ¥ TiJIbKY TO/i, KOJIW aJITOPUTM A B BEPILLIMHI v
y iesikoMy payHai Bugae D[v]+ co.

Hosenennsi. Heooxionicme. Ilpunycrimo, 1o B G
icHye muax vy, vp,..v, =v, (v,,v,, )€ E,i=0..k—1.
Toxi BHACIiAOK BIaCTUBOCTI (DYHKIIII f Ta TIpaBuiia
2) anroput™y A BCi BEPLIMHU LUTIXY V), V,,...V,
yepe3 CKiHYeHMI TPOMIXKOK Yacy MaloThb OTpH-
MaTH 3HaYEeHH, BiIMiHHE BiJl + co.

Jocmamuicme. TpunyctivMo, mwo D[v]# + .

Toni BHacinoK jemu 1 B G iCHY€ LIUIAX Bill v, 10
Vi, 1K OyJIO MOKa3aHO B JOBEJASHHI HEOOXiTHOCTI,
B JIesIKOMY payHii e 1a€ D[v]# oo.

Teopema 2. SIkio rpad G € auUKIIYHUM CKiH-
YeHHUM rpadoM, TO aaroput™M A depe3 CKiH-
YeHHUI Yac IPUBOIUTE G'Y CTaH JIOKATbHOI OTITH -
MaJIbHOCTI.

JloBeaenns. BUKOpHCTOBYEMO iHAYKIIiIO 1IOIO
KiJIbKOCTI BepiiuH a. fAxio n=1 abo n=2. Tsep-
JKEHHSI TEOPEMU OYEBUTHO.

IIpunycriMo, 110 TBEPIXKEHHSI TEOpPeMHU 2 €
BipHMM JJIS1 aUMKJIiYHUX TpadiB i3 # BEpIIMHAMU i
rpacd G mae n+1 BepiuHy. Tomi 06epiMO TJOBIIbHY
BEPIINHY V, V # Vo-

SKmo i3 v, He iCHye IUIAXYy 1O V, TO, sK
MokKazaHo B TeopeMmi |, micjisi BUKOHAHHS Oylib-
SIKOT KiIbKOCT payHaiB MiHimizauii D[v] samm-
a€eThCs He3MiHHMM, D[v]=~+00.

[Mpunycrimo, o icHye muiax Big v, go v. Toxi
3rifHO 3 TeopeMolo 1 Imcas AeIKoro payHuiy
D[v]#+ . PosrasiHeMO rpad Gy, sikmii Oyito
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BUKOPUCTAHO IIim 4ac moBemeHHs jemu 1. Lleit
rpacd OynyeTbes no G BiIKUAAHHSIM BEPIIMHU V
i BCiX cyMiXHUX pebdep. 3TiAHO 3 MPUMYIIEHHSIM
IHIYKIIil, alrOpUTM A, 110 Mpallo€ y BepLIMHAX
3ByxkeHoro rpada Gy, mepeBomuth Leil rpad y
CTaH JIOKaJIbHOI OoNTUMi3allii. BepimHu B okoJi v
TaK0X OTPUMYIOTh HE3MiHHE CTaOUIbHE 3HAUEHHST
B Gy. Hexait weR"(v) i D[v] i ii Hesminue
JIOKaJIbHO-MiHiMaIbHe 3HaueHHS B Gy,

Axkmo D[w]=+00, To ue 3HaueHHs Oyne
MOCTIMHUM y OyJdb-SIKOMY payHIi BUKOHaHHS
anroputMy A. Akmo D[w]# +oo, TO, 3a IpHU-
OYyLIEHHSIM 1HAYKLiI, 1ie 3Ha4YeHHs1 Oyae MiHi-
MaJIbHUM MOXJIUBUM Y G,. 3TiIHO 3 TBEPIXKEHHAM
TeopeMu 1, 11e 3HaYeHHS OTPUMAHO 3aBASKU OITH-
Mi3allii BEPIIWH, IO YTBOPIOIOTh LUISAX Bil v, 10
wy rpadi Gy,. Hexail neit muisax oyae vy,V,..v, =
= w. ¥ rpadi G BepiliMHa v He Ma€ BIUIMBY Ha
3HAYEHHSI MiHiMi3allii LMX BepIIUH, TOMY IO
rpad G € aluKIiYHUM, a OTXe He iCHYE IUISIXY
Bil v 10 XKOOHOI i3 BepLIMH Voo VyseeVyr Takum
YWHOM, OIlepallisi MiHiMi3alil v Mmicjas Toro, K
yci BepimHM w B okomi R” (v) cTabinisyiorh cBoi
CTaHU, MPUBEIIE 10 CTAOUILHOIO HE3MIHHOIO CTaHy
BEPILUUHU V.

3ayBaxxmo, 1110, SIKIIIO NPUOpaTH MPUITYILIEHHS
alUKJIIYHOCTI rpada, To, BpaxoByIOUH, 110 HE PO-
OUTbCS XKOAHUX CMeliaJbHUX TMPUITYILIEeHb CTO-
COBHO (byHKIIi f, MOXJIMBUM € BapiaHT BXO/KEH-
HS1 B LIMKJI BEPILMHMU, 1110 HECKIHYEHHO 3MEHIIYE
3HaveHHs D[v].

3acTrocyBaHHA MeTOAY AOKAIbHOI
onTuMi3anii

Haiikopomwi  wasxu. PoO3TISHBMO KJIaCUYHY
3aadyy 3HAXOMXKEHHS ILISXiB HaliMEHIIOl Baru
BiJl 3a/1aHO1 BEPIIIMHU v, 10 BCiX BepuinH rpada G.
B upomy Bumanky (pyHKIIiSI 3MiHM PO3MITKH Bep-
IIMH Ma€ HAUIPOCTIIINIA BUTJISII;
D[] mm(D P] min (O], )).

Y KOXHili BeplIVHI v Ji€ OOWH i TOU camMuid

aJropuT™ A:

Aneopumm A
DO

D[v](—min(D[v], min (D[w]+twv)).

wsR*(v)

END DO
besnocepenHst iHTeprperaliisi TeopeMu 2 aae

TaKuil (paKT:

Teopema 3. fIKil0 Tpy BUKOHAHHI aJrOPUTMY
A D[v]# -+, 10 D[v] 3anae Bary 1esKoro muisixy
Bill v, 110 v. SIKIII0 BEpIIMHA V HE € IOCSIKHOIO i3 V),
TO B yCiX payHaax D [v] =400,

3ayBaxxmo Take. Bara KoxxHoro pedpa 3a1aeThest
HeBia’eMHMM uwucioM. ToMy HaiiMeHIIa Bara
LISAXY Bill V, IO V JIOCATAETHCH IIAXOM, IO He-
Mae nukJiiB. Tomy iHTeprperallisi TeopemMu 2 B
LIbOMY pa3i Oy/e TaKoIo.

Teopema 4. Ilpu 3acTocyBaHHi aJIrOPUTMY
A no rpada G uyepe3 CKiHUEHMU Yac TOM
MEPEXOAUTh Y CTaH JIOKAJIbHOI ONTUMAJIbHOCTI.
V craHi 1IoKaIbHOI ONITUMAJIBHOCTI D[v] JUIST BCiX
BEPILUH JOPiBHIOE LUISIXY MiHiMalbHOI Baru Bil
v, 10 V.

Po3risitHbMO BUIAAOK, KOJIU alrOPUTM A BUKO-
HYETBCSI CHHXPOHHO B JIMCKPETHOMY Yaci.

Hacaioox 1. Yac poOOTU CUHXPOHHOTO aJIro-
puTMy A He MepeOiIbIIye # TAaKTiB, Ae 1 — KiJlb-
KicTb BepluuH rpaga G.

JoBenenns. [JoBxuHa Oymb-sIKOro IUIIXY 0e3
LIMKJIiB He nepedinbiye #n. ToMy B CHHXPOHHOMY
BapiaHTi yac poOOTH anroputmMy A [0 CTaHy
JIOKaJIbHOI ONTUMAaJIbHOCTI HE MIepeOiIbILYE 7.

YrouHio0UM BUOIp BEpIIMH W i v B oIepallii
MiHiMi3aii (11e 3a7a€ThCs 3aCTOCYBaHHSIM BiIIo-
BiIHOI €BPUCTUKHU ), OTPUMYEMO BCi BifOMi IMOCi-
JIOBHI Ta IapajeibHi aJropuTMHM 3HAXOMXKEHHS
LIJISIXiB MiHiManbHOI Baru. Hampukian Bimomuii
nociinoHuii anroput™ E. Jleiikctpu [1] Mae Ta-
KW BUTJISIA:

Aneopumm D (EBpuctuka [eiikcTpn)

S« ;
WHILE S #V DO
{

BUOpATH W € V' - S 3 HaliMeHIINM 3HaueHHsIM D [w];

S(—S-i—w;

FOR veV -5 DO

D[v]« miI(l)(D [v]. D[w]+1,, )
weR" (v

}

END DO.
B ananoriuHuii cnocié oTpuMyeMO iHIII Bimomi
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ajgropuTtMu. [letanbHo 1ie ornucaHo B poooTi [7].

Ob6paznemucaenns. Illowyk acouiamueno36’a3Hux
caie. 3ajaya € Takol: BepIIMHU rpacda — clioBa
a0o CJIOBOCHOJYYEHHSI; peOpo Bil OJHOTO CJIOBa
JIo iHIIOro BigoOpaxkae Oe3rocepeHiil OJU3bKUN
acolliaTMBHUI 3B’s130K Mixk c1oBamu. Hanpukian,
acolliaTMBHO OJIM3bKMMM € TaKi Iapu CJiB: (keim-
Ka, mposnoa), (keimka, Kyavbaba), (xmapa, dous),
(600a, cmpymok), (memeauk, einka) Toio. Pedpy
MPUIIMCAHO YMCJIOBY Bary, sika € 0OepHeHO npo-
NOpYiiiHO CUJIi acolLiaTMBHOTO 3B’sI3Ky. MHO-
>KMHY CJIiB MOBU pa3oM i3 6e3mocepeHiMu aco-
L[IaTUBHUMU 3B’SI3KaMU MOXHA PO3IJISIAATU $SIK
MEpEXeBY CTPYKTYpy — rpad i3 3agaHOIO0 Baroio
pebep.

®DikcyeTbes BXigHMIA HabOip ciiB ab0 4YacTUH
peuyeHb. Tpeba 3HATU CI0BO, SIKE MAa€ HAMOiIb-
MM acCOLiaTUBHMI 3B'SI30K i3 BXiZHMM HabOpOM
CJIiB.

A.T. IBaxHEHKO OIMUCYE JeKiTbKa eKCIIepUMEH-
TiB moxioHoro tumy [8, c¢. 59—62]. Hanpuknan,
aBTOp HABOAUTb Takuil TecT: JItonvHi HagaBaBcs
TEKCT i3 HEBIZOMUM CJIIOBOM-TIOHITTSIM. Y [8]
1Ie HeBimoMe MOHSATTS IMo3HauyeHo sIK [—]. Tpeba
3Haitu [—]. HaBeniMo oguH i3 mpukiamuiB.

«He sumpauaii céiii yac na [—]. Y uvoeo Oyau
xopouti [—], a meHi He 6e310».

Bin 6316 3i cmoay [—] i nonpocus nazeamu we
00HY.

Mene nonepedxcanu, wob 1 He epag 3 HUM 6 [—],
MoMY W0 8iH MAXAI06A6>.

Hocuth 1IBUAKO BUMPOOYBAaHUIA 3HAXOIUB:
[—] = «kapmu»

IloniObHiI 3aBmaHHS MO30K JIOAMHM BUKOHYE
JIoBOJi  1BKMAKO. Tomy ajropuTmiszalisi po3-
B’sI3aHHS TTOJIOHMX 3a7a4 1a€ 3MOT'Y MOJIE/IIOBaTU
0o0pa3He MUCJICHHS JIIOAUHU 1 MOXe OyTH OCHO-
BOIO CMCTEM LITYYHOTO iHTEJIEKTY.

Y rpadiuHiit iHTeprpeTalii 1i¢ 3aBIaHHS
3BOAUTHLCS JO TMOILIYKY B CEeMaHTUYHOMY rpadi
BU3HAY€HUX MOBOIO aCOLIiaTUBHUX 3B’S13KiB CJIOBa
abo CJIOBOCMOJIYUEHHS, SKE Ma€ HalMeHIIy
arperoBaHy BiJICTaHb JO 3aJaHOTO BXiJHOIO Ha-
Oopy cJliB. ArperyBaHHsI — i€ aesika (DyHKILis Bil
MHOXWHU gidcmareli HaliMeHwiol 8azu 10 3aaHOTO
BXiZHOTO Habopy ciiB. Hampukiam, 11e Moxe 0yTn
cyMa MiHiMaJIbHUX BiICTaHEU Bill CTIOBa-pPillICHHS

JIO BXilTHOTO Habopy.

IHIIMIt BapiaHT MOLIYKY HAMKOPOTIIHMX IIUISIXiB
B acolliaTUBHUX Mepexkax OyJlo BUKOPUCTAHO B
mporpami aBTOMAaTHM4HOI TeHepamii BipmiiB. [le-
TaJlbHO 1e ommcaHo B [9]. OcHoBHA imes ajnro-
putMy € Takorw. [eHepyeTbcsi mepiia dpasza —
MOCJiOBHICTb aCOIiaTUBHO TIOB’SI3aHUX CJiB. Y
CJIOBHUKY pHUM IIYKAEThCS CJIOBO-pUMa [0
OCTaHHBLOIO cJyioBa mepuioi ¢pasu. Ilotim Big
1IbOTO CJIOBA-pUMHU B rpadi acoliaTUBHUX 3B’S3-
KiB IIYKA€THCSI MiHIMAJIbHUM IIJISIX 1O OCTAHHbO-
ro cioBa mepiuoi ¢ppa3u. BubymoByBanacs Hemo-
raHa 3aroToBKa JJisi KOMIT IOTEPHOTO CTBOPEHHS
BipwiiB. Taki ekcrnepuMeHTU OyJIOo 3IiliCHEHO
I. IBaHOBOIO, Ha TOM YaC acipaHTKOIO (haKYIbTETY
kioepHetnkun KHY imeni Tapaca IlleBueHka.
3o0Kpema 0yJ10 3reHepOBaHO TaKUil (pparMeHT

«Puxci ncopycuru. Ozons. Ad. Ipix.

Iepoin. Iepoins. Yousecmeo. Kpuk. Cmix.

Tyr cmouyatky paHmoMi3oBaHO (POPMYETHCS
mepiia IIOCIiTOBHICTb acOLiaTMBHO 3B’SI3aHUX
chiB. TloTiM y CJIOBHUKY pUM LIYKAEThCS pUMa
IO CJIOBA «epix». Y 1IbOMY pasi 1I€ CIOBO «CMixX».
OOpaHi cjoBa € acoLiaTMBHO BiIgajJeHUMU,
TOOTO B yHiBepcaJlbHOMY rpadi acolliaTUBHUX
3B’sI3KiB HEMa€ pedpa, 1110 OB SI3Y€ 11i ABa CJIOBA.
YV 3BOpOTHOMY MOPSIAKY IITYKAEMO HAWKOPOTIIMUIA
LIUISIX BifI CJIOBA «CcMix» 10 CJIOBa «epix». OmHUM i3
BapiaHTIB € BKa3aHa JIpyra IIOCJIiJOBHICTb.

Ckopill 3a Bce, acoliaTMBHE MMCICHHS
moauHu (oOpa3He MMCJIEHHSI) IT00OyIOBaHO 3a
MPUHIMIIOM 3HAaXOMKEHHSI ONTUMAaJIbHUX IILISIXiB
Y IIPOCTOPI «CAi6-noHAMb» . ToMY 32 BAKOPHUCTaHHS
aJTOPUTMIB  TIOIIYKY HAWKOPOTIIMX  IILISIXiB
3’SIBASETbCS MOXJIMBICTH TOOYIOBU CHUCTEMU
LITYYHOIO iHTEJIEKTY, sIKa peasidye TaKuil IpuH-
uun. ITpocTip «crie-noname» MOBU OyIy€eThCS 3a
OHTOJIOTIYHUM TIPUHLIUIIOM.

AHajioriuHa igess Moxe OyTM BHUKOpHCTaHa
JUIST PO3B’sI3aHHSI 3aJadi pos3mizHaBaHHS. TyT
OKiJl BepIIMHU 33Ja€ OCHOBHiI O3HAaKW TOHSITTSI.
HuMu € BXinHI BepIIMHU-TTOHSTTS. Tpeba 3HaT
BEPILIMHY-TOHATTS, KA Ma€ HAMKOPOTIIUI LUISIX
110 3aJJaHUX BXiTHUX BEPUIMH.

Aemenmudpixauyia. IlpobGiema aBTeHTHIKaLIil
cy0’eKTiB, sKi mepeOyBalOThb Yy KOMYHiKallii, Ma€
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YyUMaso pi3HOMAHITHUX CUTYaTUBHUX OCOOJIMBO-
cTeil. VYHiBepcasibHa aBTeHTM(iKallisi 3a JI0Mo-
MOro0 1IM(GPOBUX MiAMUCIB MOTpeOye 30iTbILICHHS
JIOBXXWHU Ta 4Yacy (popMyBaHHS noBigomJieHHsI. TTo-
IYJISIPHI Cyd4acHi METOIM Ha OCHOBI JIOBEJACHb 3HAH-
Hs1 NP-BacTUBOCTEH i3 HYJIHOBUM PO3TOJIOIICHHSIM
MOTpeOyIOTh 3HAYHUX OOCSTIB IaM’STi IJISI OINCY
NP-110BHUX ITpo0sieM. Y Gararb0xX CUTYaLIisSIX BUHUKAE
HeoOXiTHICTh HamIBUIKOI aBTeHTHdiKawii. 1a 3ama-
Yya € 0COOJIMBO aKTyaJbHOIO /ISl 00’€EKTIB KPUTUIHOT
iHDpacTpyKTypy Ta pPi3HOMAHITHUX KOAIIMHUX
00’eTHaHb, 1110 BKJIIOYAE BilICHKOBI, (hiHAHCOBI,
JIIOOMHO-MAIMHHI, 00’ekTH IHTEepHEeTy peueil Ta
iHII momioHi yrpymoBaHHs. Omisin momaHo B [10,
11].

PosrisiHbMO  3amady aBTeHTUGIKALl TUAMY
«Cc@ill-uyxcut» 'y KOaNiUiiHMUX 00’ eTHaHHSX.
Koaniuist morpedye HasiBHOCTI JOBipYOi TpeThOi
cropoHu T, sika ¢hopMye TeBHI TaEMHi AaHi sl
cy0’ekTiB A i B, siKi mepeOyBalOTh y KOMYHiKallii.
Lle MmoxXyTb OyTH ineHTU(DIKaLliliHI TapamMeTpu abo
BMiHHS IIBUAKO PO3B’SI3yBaTH CKJIAAHY 3anadyy.
Aximo A i B po3aiibHO BOJIOAIIOTH SIKMMOCH
CHIIBHUM ceKpeToM (4uciaoMm) S, To 3amaya Jier-
KO PO3B’SI3YETbCS 3a IOMOMOIOI OOMIiHIB 3Ha-
YEHHSIMU 3araJibHOBiIOMO1 ret-(yHKIIii /.

PosrisiHbMO Takuit TpOTOKOJ.

VYMmoBa: A i B MOBUHHI BOJIOAITM OAHAKOBUM
ynciom S. PaktnuHo A Bonoxie uuciom S,, B
BOJIOJiE YMCIOM S, & — 3araJbHOBimOMa Telll-
¢yHKLisA. A i B 10BOAATb OAWH OTHOMY, 1110 BOHU
BOJIOZIIOTH OTHAKOBUM YUCIOM S ,=S,= .

Ilpomokoa H

1. B — A:x — BUNaJKOBE YHCJIO;

24> B: y,=h(x+S,);

3. Bnipuiimae A4, sixkuo y, =h(x+5y).

Lle exBiBajieHTHO piBHOCTI S, =5, =S.

3 MeTo10 B3a€MHOI aBTeHTUIKalIil 1Ieil Impo-
TOKOJT JIOTIOBHIOETHCSI AHAJIOTIYHUM TIOBiTOM-
JIEHHSIM Bin B 1o A.

4. B> Ay, =h(S;+y,)

5. A npuiimae B, axio 4 (S, +y, )=y,

Lle exBiBajieHTHO piBHOCTI S, =S, =S.

HeBaxko cTporo goBecTH, IO KOJU O XO4
ozHa i3 cTopiH A abo B «e uecnoo» (T00TO S, =S
abo S, =S), To YecHa CTOpOHA 3aBXIU CIIpUIIMae

YECHOIO MmapTHepa i He CIpUiMae HEYECHOTO.

AJie BOJIOiHHS JBOMA CTOPOHAMM OJTHAKOBUM
CEeKpeTOM Yy CepeIoBUILAX, 110 MOXYTh 3a3HaBaTU
aTak 3JIOBMUCHUKIB, MoOXe OyTHM cj1a0KoIo
CTOPOHOIO TIiJ KyTOM 30py Oe3rneku. JuHaMiuHe
CTBOPEHHS CHiJIBHOTO CEKPEeTy CTaHAApTHUMU
METOJaMU «pYKOCTUCKAHHSI» (handshaking) tuiy
Hicddi-Tennmmana ado Enb-Tamans € BpasauBum
JI0 aTakM «IOAWHA MocepearHi». ToMy cTaBUMO
YMOBY: A i B maroms 60100imu pizHumu cekpemamu.
Okpim moeo, 60HU 00UOBA He NOBUHHI 3HaMU
Hiv020 npo cekpemu Opyeoi cmoponu. lle Mae
3a0e3neuynT JoBipua TpeTss ctopoHa 7. Ilpu
IIbOMY aBTeHTUQiKallisi Mae BMKOHYBAaTUCS B
peasibHOMY 4aci 0e3 ydJacTi IOBip4Oi CTOPOHHU.
PosrnsgapMo Takuii BapiaHT OOMiHIB MiX A i B,
BUKOPUCTOBYIOUM 1IUISIXU Y BUTIAAKOBUX rpadax.

Bpaxaiimo, mo rpap G=(V,E) mae n+l
BEpLUMH, acoLiiioBaHuX i3 HoMepamu 0,1,...,n. 13
rpadpoM G OJHO3HAYHO IMOB’SI3aHO JIBi MaTpUIIi
A, :”e,.j", A, :"t,.j" posmipom (n+1)x(n+1). 4, —
MaTpuLs 3aae CTPYKTypy rpada: e, =1, gkumo i3
t Beme pebpo 10 j, iHaKiie e; =0. A4,— Marpuus
Bar pebep, 4, ; — Bara pebpa (i, j). [Ipunyckaemo
HagBHICTh IIMKJIIB, TOOTO IS NIESTKUX iHIEKCIiB
t,#0,¢e,=1.

Hexaii R = ”f,/" € MaTpuier BUMAAKOBUX
LIUTUX YKCE, 1,20 . 3a J0MOMOroi0 MaTpulli A,
R Bu3Havae BUMANKOBI 3HAYCHHS Bar A4, #, =1,
skio ¢, #0,e, =1.

Hosipua cropona 7T ¢dopmye Marpuimio R i
nepenae R no A.

Hexaii £ — rpymna To4ok eJlinTUYHO1 KpUBOi Hajl
CKiHYEHHUM TosieM F,. P — Touka L€l KpUBOI.
JloBipua ctopoHa 7' OOUMCIIOE MATPULIID TOYOK
R, = ”TUP" i nepenae (R;,P) no B.

BBaxkaemo, 1o 7 micisl BiInoBigHUX epeaad R
Ta R, BXe He 30epirae RTa R,.

ITicig komyHikauiit i3 T'A i B GyHKIIOHYIOTh
HE3aJIEXKHO OJMH Bil OAHOro. fAKiio BUHUKAE
HeoOXigHicTh y B aBreHTUdiKyBatu A, TO B
¢dopmye Bunaakosuii rpad G i 3aga€ BUNagKOBUIA
LUIsIXx B oMy Irpadi. Ilepenae o iHdopmaiiiio
110 A. CBO€EIO 4eproio y Binnosiab A Ma€ OOUMCIUTHI
Bary LUISIXY T i IepeaaTy 1ie 3HaUYeHHS w(n) 1o B.
A obuuCIIOE 1110 Bary BUKOPUCTOBYIOUM MaTpPUIIi
A4, = "e,./. " Ta A, = ||t!./. " B o0uucioe 3HauYeHHs
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TOUKM EJINTUYHOI KPUBOI B3IOBX UUISIXY T,
BUKOPUCTOBYIOYM MaTpuillio R,. Hexait ue Oyzne
sHaueHHs w(m, P). ko w(n)P =w(x,P), T0 B
npuiimae A, iHakie «HI».

IIporokon Authentication

1. B hopMye BUITAKOBY MaTPHULIIO 4, 1110 3a1a€
CTPYKTYpy rpaga 0e3 KpaTHUX pebep (LMKIU
JOIMYCTHMIi). B TakoxX 3amga€e BMITAIKOBUM IIUISIX
1=y =0, ii,ip,eiy, =1) B0 MO N B—> A:(4y,7)
i mepenae 1110 iHgopMmalriio 1o A.

2. A obuucmoe Bary uusixy m. Jist uboro A
BUKOPHUCTOBYE MAaTPULIIO A, i 3AiiICHIOE CyMYBaHHS
peGep B31oBX 1. A — B:w(m).

3. B 004YMCIIIOE CYMY TOYOK Zt,-fiMP = W(n,P ),
j=0,...,k—1, BIOBX T. ‘

B nipuiimae A, saxio w(m, P)=w(n)P .

Be3sneka nporokoay Authentication. J11s1 TOYOK
eJiNTUYHOI KpuBOI TpobjieMa JAUCKPETHOTO
Jjorapudmy BBaXKa€ETHCS OOUUCTIOBAIBHO HEMOX-
JmBoro. Tomy B He 3HAae MaTpUIIO Bar R = ”l:,/” A

JIITEPATYPA

HE 3HA€ HaBiTb TOUKM P Ta piBHSHHSI KpUBOi FE.
Otrxe, A i B BOJIOAIIOTh Pi3HUMU HE3AIEXKHUMU
cekpetaMu. Bara 1uisiXy € BUMaJKOBUM YHCJIOM.
ToMy MpOTOKOJN € CTIMKMM 10 aTakKu <«IHOAUHA
rnocepearHi».

BHCHOBKH

3agavya noOya0BM HAMKOPOTILMX IIUISIXiB Ma€ Oara-
TO Pi3HOMAHITHMX 3aCTOCYBaHb. Y IIpeACTaBiie-
Hili poOOTi JAETHCS AITOPUTMIYHE y3araJbHEHHS
1iei 3agaui. Ile nae 3mory B yHicikoBaHuii crocio
OTpUMATHU BCi BilIOMi aJropuT™Mu ii pO3B’SI3HHS
Ta 3HAWTU HOBiI 3acTOCyBaHHs. 30Kpema, JaHO
3BEICHHSI MOJICJIIOBAaHHS 3aJadi 3 00pa3Horo
aCcOLIIaTUBHOTO MUCJIEHHS JIIOIUHU 10 AJITOPUTMY
NoOyJIOBU HAWKOPOTIIMX MLUIAXiB. Takox o
noaiOHMX 3a1a4 MOIIYKY BaroBoi MaplIpyTU3allil
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THE PROBLEM OF LOCAL OPTIMIZATION OF GRAPHS AND ITS APPLICATIONS

Introduction. We study the problem of constructing a locally optimal directed graph when each edge is assigned a fixed nu-
merical weight. Due to the broad interpretation of the numerical weights of edges, the problem of finding the least-cost paths
has many applications and is one of the most common and studied problems in the applied theory of algorithms. In various
modifications, it can be found in algorithms for constructing optimal routes for flying and other moving objects, in pattern
recognition, optimization of communication networks and integrated circuits. The property of local optimality is defined
through a dynamic process that at every round assigns to each vertex the minimal value depending on its current value and
sums of values stored in neighborhood vertices with weights of incoming edges. The graph is locally optimal when any vertex
cannot allow further minimizations.

Purpose. The purpose of the article is to investigate the problem of constructing a locally-optimal graph, establish proper-
ties of such graphs, and derive new applications.

Methods. We consider the problem of finding the shortest paths in a broader context as a general computational problem
of local graph optimization. This model of computations on a graph is studied. Each local vertex, regardless of the other
vertices, performs the same iterative procedure of minimizing some non-negative numerical value assigned to that vertex.
The operation of such minimization depends on the current value obtained in this vertex when applying the previous mini-
mization and sums of the current numerical data located in the vertices from which the input edges lead to the selected local
vertex and weights of the seedges. After several stages of such an operation, the graph always comes into a stable state: further
minimization of vertices does not change the values assigned to the vertices. In this state, we call the graph locally optimal.

Results. The conditions under which the graph reaches the state of local optimization are investigated. With different
choices of interpretation of the function that determines the influence of neighboring vertices on the vertex minimization
value, we obtain a variety of applications. For example, the gradient descent method from the local optimization state makes
it easy to obtain the minimum weight (cost) paths from the given starting vertex to all vertices. If the graph is interpreted as a
semantic network in the space of natural language words, it is shown how the problem of finding the minimum path among
words or phrases is interpreted as solving a known problem in computational linguistics: find the word most associated with
a given input set words or sentences (images). Finally, by calculating the weights of the paths in randomized (uniformly dis-
tributed) graphs, a fast-authentication protocol is proposed for the two coalition entities acting in a malicious environment.

Conclusions. The local optimality is a stable constant state of the current graph marking reachable by using the dynamic
minimization process. Local optimality provides a common method for solving many problems related to search engine
optimization. It is shown how from solving the general problem of constructing a locally-optimal graph it follows the prob-
lem of finding the paths of least weights (cost). New applications include solving the problem of associative search in com-
putational linguistics (creative thinking) and fast mutual authentication in coalition groups.

Keywords: directed graph, shortest paths, associative search, randomness, fast authentication.
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